We give the sharp constants in the area distortion inequality for quasiconformal mappings in the plane. Usually in what follows A is the closed unit disk { z : lzl 5 11, but any compact set of transfinite diameter 1 will do (and this is important in our proof).
O N T H E AREA DISTORTION BY QUASICONFORMAL MAPPINGS
Usually in what follows A is the closed unit disk { z : lzl 5 11, but any compact set of transfinite diameter 1 will do (and this is important in our proof).
We note that this normalization implies that for any E c A the area of E and f ( E ) is bounded by n . 
(i) If f is conformal on E c A (i.e., f has dilatation
Remarks. Theorem A follows from Theorem 1 via standard distortion estimates for quasiconformal mappings. The constants in Theorem 1 are best possible. Part (ii) is essentially due to Gehring and Reich. Part (i) gives sharp bounds for a conjectured inequality for the singular integral transform
i.e., for every E c A we have Lemma 1. Let a , , . . . , a,, be positivefiinct~ons in the unit disk, such that loga, are harmonic and
The proof is based on the following "Variational Principle" from statistical mechanics which was also used by Astala.
Lemma A. Let p, > 0 and q, > 0 be probability distributions on the set { 1 , ... , n ) . Then 
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where S is the complex Cauchy transform. Now fn has Jacobian As the dilatations are smooth this is everywhere nonzero. If f is conformal on E define 1 a ( z , 3.) = -1dzfn(z)l2. To prove part (ii) and the bound for T we sketch the arguments of Gehring and Reich. This begins with the observation that for any set G (by Cauchy-Schwarz as T is a unitary transformation of L~( C ) ) .
Hence for any function p supported on G as T is also (almost) self-adjoint Finally for any function p , Ilp 1 1 , = 1 , supported on E we define p, (z) = tp(z) and the corresponding family of normalized maps f,, 0 < t < 1, fo(z) = z and fi* = f . This can be realised as a deformation family of quasiconformal The third part follows by writing f = g o h where h is conformal on E and g is conformal on C\h(E) . Thus h has dilatation p ( z ) on A \ E , zero elsewhere, and g has dilatation p ( h k l ( z ) ) on h(E) , zero elsewhere. We see that h is normalized and so is g as h(A) has transfinite diameter 1.
The bound on T is also proved by holomorphic deformation. For any function p , 11p11, < 1 , supported on A\E we define p;(z) = Ap(z) and the corresponding family of normalized maps f-, . This time we let A -, 0 to find that by part (i) of Theorem 1. Hence we obtain
